DUAL CANONICAL BASES FOR THE QUANTUM SPECIAL 
LINEAR GROUP AND INVARIANT SUBALGEBRAS 
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Abstract. A string basis is constructed for each subalgebra of invariants 
of the function algebra on the quantum special linear group. By analyz- 
ing the string basis for a particular subalgebra of invariants, we obtain a 
"canonical basis" for every finite dimensional irreducible [/ 9 (s[(n))-module. 
It is also shown that the algebra of functions on any quantum homogeneous 
space is generated by quantum minors. 



1. Introduction 

The theory of crystal and canonical bases was initiated and developed by 
Kashiwara El] and Lusztig [TH ITTj . Many remarkable features are known 
for canonical bases, among which the positivity property seems to have the 
deepest implications. Variations of canonical bases were also introduced and 
investigated in the literature. In [3], a dual basis of the canonical basis of 
the modified quantum enveloping algebra of type A was investigated under 
the name global IC basis. In ^2] ; the dual canonical basis of U q (n + ) was 
constructed by using the so-called quantum shuffles, and was shown to be 
related to the representation theories of Hecke algebras and quantum affine 
algebras ^3] (see also JH])- In pQ Berenstein and Zelevinsky conjectured a 
multiplicative property, which states that two dual canonical basis elements 
61,62 of U q (n + ) g-commute if and only if b\b 2 = q m b for some b in the dual 
canonical basis and some integer m. The conjecture was studied by using Hall 
algebra techniques in reference (21] • It was observed that a large portion of the 
dual canonical basis enjoyed the multiplicative property, see also |3]. However, 
counter-examples are given to Berenstein and Zelevinsky's conjecture in 
by finding some so-called imaginary vectors. Reference P also introduced the 
notion of string bases, which was designed to realize the so-called good bases. 
See [IB] for the existence of good bases. 

In |22] the dual basis of the canonical basis of the modified quantum en- 
veloping algebra was constructed and the case of type A was extensively 
investigated. It was shown that the dual canonical basis is invariant under 
the multiplication of certain q central elements. More importantly, it was 
shown in [7] that the product of any two dual canonical basis elements is a 
Z + [g, combination of elements of the dual canonical basis, establishing 
multiplicative positivity of the dual canonical basis (see Theorem | 
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In this note we use the dual canonical basis constructed in [22] for the al- 
gebra of functions O q {SL(n)) on the quantum special linear group to study 
its subalgebras of invariants. Recall that O q (SL(n)) admits two natural left 
actions of the quantized universal enveloping algebra U q (sl(n)) respectively 
corresponding to the left and right translations familiar in the classical con- 
text of Lie groups. Given any subalgebra C of U q (sl(n)) which is at the same 
time a two-sided co-ideal, one can show jHj that the subspace of O q (SL(n)) 
invariant under left translation with respect to C forms a subalgebra. Such 
invariant subalgebras of O q (SL(n)) include the algebras of functions on quan- 
tum homogeneous spaces [201 |Hj as special cases. 

A string basis (in the sense of £Q) is constructed for each subalgebra of in- 
variants in this paper. In the case when C is t/ 9 (n_), we obtain from the string 
basis a "canonical basis" for every irreducible finite dimensional U q (sl(n))- 
module (see Section 0] for details). When the subalgebra of invariants defines 
a quantum homogeneous space, we show that it is generated by quantum 
minors of some particular form. 

The arrangement of the paper is as follows. In Section 2, we recall the 
construction of the dual canonical basis of O q (SL(n)) in [22] • In Section 3, we 
introduce a new type of bases for O q (SL(n)), which are suitable for studying 
the actions of the Kashiwara operators. Section 4 contains the main results 
of the paper. We first show that any subalgebra of invariants is spanned by 
a subset of the dual canonical basis of O q (SL(n)). [This result is stated in 
a more precise manner in Theorem 14.41 ] We then derive from this fact the 
results discussed in the last paragraph. 

We mention that our approach to the canonical bases of finite dimensional 
irreducible ?7 g (5[(n))-modules is very different from the usual approach taken 
in canonical basis theory. Here we first realize every finite dimensional ir- 
reducible [/q(s[(n))-module by using the quantum Borel-Weil theorem, then 
construct a canonical basis for it by exploiting Theorem 14.41 



2. The construction of the basis of O q (M(n)) 

Through out the paper, the base field is Q{q), where q is an indeterminate 
over the rational numbers. The coordinate algebra O q (M(n)) of the quantum 
matrix is an associative algebra, generated by elements Xij,i,j = 1, 2, • • • , n, 
subject to the following defining relations: 

(2.1) 

%ij%ik Q $ik%ij if J <C Ay, 

%ij%kj Q %kj%ij if ^ "^C Ay, 

%ij%st %st%ij if 2 > S, J <C £ ; 

%ij%st %st%ij \Q 

■ - q )x it x sj if % < s,j < t. 

For any matrix A = (ajj)™ J=1 £ M Tl (Z + ) ( Z + = {0, 1, • ■ • }) we define a 
monomial x A by 

(2.2) .<- 1 ii;;, 
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where the factors are arranged in the lexicographic order on I(n) = \ 
i, j = 1, . . . , n}. More explicitly, 

an ai2 rr ain rr a,2i „Q2n „«nn 

x — x n x 12 ■ ■ ■ x ln x 21 • ■ ■ x 2n • ■ ■ x nn . 

Since the algebra O q (M{n)) is an iterated Ore extension (see, e.g., ppll-14 
in [Sj for a discussion on iterated Ore extensions), the set {x^A G M n (Z + } 
is a basis of the algebra O q (M(n)). 

Let us recall the construction of the dual canonical basis in [22] • From 
the defining relations (j2.1|) of the algebra O q (M(n)), it is easy to show the 
following lemma. 

Lemma 2.1. (1) The mapping 

■ Xij i > Xij, q i > q 

extends to an algebra anti- automorphism of O q (M(n)) regarded as an 
algebra over Q. 
(2) The mapping 

0~ . Xij I ^ Xji 

extends to an algebra automorphism of O q (M(n)) regarded as an al- 
gebra over K = Q(q). 

Remark 2.2. For the relation between the bar action in the present form and 
the bar action in the papers by Kashiwara, see • 

Given A = (aij) nxn G M n (Z + ), we define the row sum ro(A) and the 
column sum co(A) of the matrix, respectively, by 

ro ( A ) = C^2 a iji'-- i^2 a nj) = (Vi,r 2 , •■• ,r n ), 
j j 

co(A) = (y^Qji, ■ ■ • ,y^ajn) = (ci,c 2 , • • ■ ,c n ). 
j j 

Let M = (niij) e M n (Z + ). If mijin st > 1 for two pairs of indices i,j and 
s,t satisfying i < s,j < t, we define a new matrix M' = (m' uv ) G M n (Z + ) 
with 

m ij = _ !> m st = m st - 1, 

m^, = m uv , for all other entries. 

We say that the matrix M' is obtained from the matrix M by a 2 x 2 sub- 
matrix transformation. Using this we may define a partial order on the set 
M n (Z + ) such that .\/ < A if .\/ can be obtained from N by a sequence 
of 2 x 2 sub-matrix transformations. Note that we have ro(M) = ro(N), 
co(M) = co(N). 

From the defining relations (J2.1j) of the algebra O q (M(n)), we have 

'x~ I = E(A)x A + J2 c BAX B , 

B 
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where 

E(A) = q~ 2 ^i^j>k a ii a ik+T,iT, j> k a ji a ki) 

and cba G %[q, which is nonzero only if B < A. 

Let D(A) = q -^^j>k a ^-^i^i>uWi and let X ( A } = d(A)x a . Set 

C* = ® AeMn {z + )Z[q]x{A). 

In j22], a basis of the algebra O q (M(n)) is constructed which has the following 
property: 

Theorem 2.3. There is a unique basis B* = {b(A)\A G M„(Z + )} of C* such 
that: 

(1) b(A) = b(A) for all A. 

(2) b(A) = x{A) + Y.B<A h BAx(B) where h BA G qZ[q]. 

Definition 2.4. The basis B* of the algebra O q (M(n)) is called the dual 
canonical basis of O q (M{n)) . 

The quantum determinant det g is defined in the usual way by: 

(2.3) det g = X CTe5n (-g 2 y (CT) £i CT (i)X 2(J (2) ■ • -^(n)- 

It is known that det q is a central and group-like element of the algebra 
O q {M{n)). 

Let m < n be a positive integer. Let / = {i\,i2, ■•• ,i m } and J = 
{ji,32, ■ ■ ■ ,jm} be any two subsets of {1,2, • • • , n}, each having cardinality 
m. By examining the defining relations (j2.1j) one can see that the subalgebra 
of O q (M(n)) generated by the elements x^- with i G I,j G J, is isomorphic 
to O q (M(m)), so we can talk about its determinant. Such a determinant is 
called a quantum minor, and will be denoted by det ? (7, J). 

In j22]5 it was also proved that 

Proposition 2.5. All of the quantum minors are dual canonical basis ele- 
ments. Moreover, the basis B* is invariant under the multiplication of the 
quantum determinant. Furthermore, cr(B*) = B* . 

The algebra of functions O q (SL(n)) on the quantum special linear group 
will be identified with O q (M(n))/ (det q —1). For convenience of reference, we 
denote by 

(2.4) T : O q (M(n)) -> OJM(n))/(det -1) 

Q 

the canonical map. Then the image B* = T{B*) of the set B* forms a canoni- 
cal basis of O g (SL(n)), which is called the dual canonical basis of O q (SL(n)). 
In [7j, it was proved that the dual canonical basis B* enjoys a remarkable 
property, the positivity of the multiplication. 

Theorem 2.6. For any bi,b 2 G B* , we have 

bib 2 = c bl! b 2An q n b, 

beB*,neZ 

where c^^^n £ ^+ are zero except for finitely many b,n. 
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The following formulas are needed for the computation involving the Kashi- 
wara operators. Define that [m] = 9 -ill ■ 

Lemma 2.7. For any i < k, j < I, 

xhxIj = x^Xki + (g 2_4s - q~ 2 )xlj l Xiix kj , 

X kl X ij = X ij X kl + (l ~ Q ) X H X kj x kl ' 

Furthermore, 

(2.5) (xyXM - qx u x kj ) s = (~^) m ( ^ J q 

Proof: We prove the third equation only, using induction on s. The case with 
s = 1 is clearly true. Assume that the equation holds for s. Then 

\s+l 



Am(m—s) s—m m m s—m 
x ij x il x kj x kl ■ 



\ x ij x kl q x il x kj, 



[XijXki - qxux kj ) y^(- 

m=0 



2\m 



Am{rn—s) s—m m m s—m 
q x ij x il x kj x kl • 



The right hand side of the equation can be express as 



£(-<zT (. 

m=0 ^ 

E(-? 2 ) m+1 

m=0 

^ ^ ^2^m+l | S n 4(m+l)(m—s) ^s-m^m+1 ^m+1 ^s-m 

m=0 

£(-« 

m=0 



4m(m-s) s-m m m s-m 

H ^ij^kl-^ij -^kj^kl 



4(m+l)(m-s) s-m m+1 m+1 s-m 
q x ij x il x kj x kl 



x ij x i« x A;j x fcZ 



m ) q -4 



v „m m s-m 
A x ii x kj x kl ■ 

The coefficient of xf+ 1 - m x!7x^x s + 1 " m is 



J2\m I s 



m — 1 



+ (-9 



2\m-l 



S 

m — 1 



J il ^kj^kl 

1 4m(m-s-l) _|_ / Q^\ rn | ^ 



^4m(m-s-l)+2 _|_ ^_g2^m 



q 

r 4 

s 

m — 1 



4m(m-s-l) 



'7 



4(m— l)(m— s— 1) 



which can be simplified into 



s + 1 

m 



q 



4m(m-s-l) 



□ 



Remark 2.8. The third equation in the above lemma can be re-written as 



1 
1 



E( 

m=0 



,2\m. 



X 



s — m m 
m s — m 



hechun zhang and r. b. zhang 
3. Kashiwara operators 



Let A n _i = (ajj)™~ =1 be the Cartan matrix of type A. The quantized 
enveloping algebra U q (A n _i) is the unital associative algebra generated by 
Ei, Fi, Ki, (1 < i < n — 1) with relations 

K i K j = KjKi, KiKr 1 = 1 = Kr 1 ^ 

K 2 - K~ 2 
E F - F E = 5 - — 

KiEj = q^EjKi, KiFj = q~ 2<Hi FjKi 

As is well known, [/^(A^i) is a Hopf algebra. We take the following co- 
multiplication A, the co-unit e, and the antipode S respectively defined by 

A(Ei)=Ei®l + K?®E i7 A(Fi) = F^Kf + \®F h 
(3 ' 1} e(K t ) = l, e(^) = e{Ft) = 0, 

Sttfi) = ifr 1 , = —K~ 2 Ei, S(F t ) = -F t K 



2 



There are two natural left actions of U q (A n _i) on the quantized function 
algebra O q (SL(n)), which correspond to left and right translations in the clas- 
sical setting. These actions are respectively defined, for all x £ U q (A n _i), f £ 
O g (SL(n)), by 

RxU) = ^/(l) <f(2),X>, 
(/) 

L x {f) = < > /(2)> 

(/) 

where S is the antipode of U g (A n -i). Here we have used Sweedler's notation 
= X] /(i) ® /(2)- Note that L x and -R x act on O q (SL(n)) as generalized 
derivations. More precisely, for /, g £ O q (SL(n)), 

L x (fg) = -&*(!)(/) -L X(2) (g), 

(x) 

R x (fg) = J2 R ^(f)- R ^(9). 

(x) 

Furthermore, the two left actions commute. 

A quantum analogue of the Peter- Weyl theorem states the following: 
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Theorem 3.1. As a left ® Ru g (A n -i) -module, 

O q (SL(n)) = ®xtP + L*(\) ® L(\). 

Any u ® v G L*(X) cg> L(A) can fee viewed as a linear functional on U q (A n ^i) 
as follows: 

(u ® f = u(xv), Vx G £/" g (A n _i). 

The theorem follows from the complete reducibility of finite dimensional 
[/ g (yl n _i)-modules and the fact that all finite dimensional t/ g (A n _i)-modules 
are direct sums of submodules of tensor powers of the natural module. In fact 
the theorem holds for all quantized enveloping algebras of finite dimensional 
simple Lie algebras. See [20] for a proof in the case of type A, and also see 
[TP] for the general case. 

The following observation will be useful for the remainder of the paper. 
There exists an algebra anti-involutions of u : U q (A n _i) — > U q (A n -i) given by 

uj{Ei) = Fi, u{F l )=E i , u{K i )=K i , u{q) = q. 

Then 9 = uo o S~ l is an algebra involution of U q (A n _i). Using 9 we can 
construct another left action of U q (A n _i) on O q {SL{n))\ 

(3.2) U q (A n _i) ® O q {SL{n)) - O q (SL(n)), x®f^ L e{x) {f). 

This left action is much simpler than L itself. Let us define Kashiwara 
operators for this left action. To this end, we need to have a suitable basis. 

Proposition 3.2. There exists an basis of the algebra O q (M(n)) consisting 
of the elements of the form 

a m x ( ^ '" ^ ° lr ai ' r + 1 '"" a in\ 
ya 2 i ■ ■ ■ a 2) r-i a 2r ■ • • J 

X 1 1 -A /o 1 1 / •:!,,•'•/'/ '• 

where G Z + for all and the 2x2 quantum minors are of the 
form det 9 ({l,2}, {i,j}). The product LTMjj of quantum minors is arranged 
according to the lexicographic order, namely, Mij > M st if j > t or j = t 
and i > s. The integer m is uniquely determined by the entries and the 
2x2 minors. The transition matrix between this new basis and the PBW 
basis consisting of the modified monomials is of the form: 

( 1 • • • qZ[q}\ 
1 

v° ■■• 1 / 

Proof: We will build the basis step by step. First note that the elements Xij 
for % > 3 are annihilated by the left actions of both E\ and F\, and so they 
will contribute nothing under the Kashiwara operators which will be defined 
later. Hence, we may put aside the elements for i > 3 and only consider 
the elements xu, x 2 i for I — 1, 2, • • • , n. 
For a PBW basis element x(A), 
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if ai, n -x a 2n — 0, we just keep it unchanged. 

If ai.n-i > a-2n > 1, we can rewrite the modified monomial x(A) as 

t( A\ n a.2n(a ln +a2, n -i) r>( A\r ai1 ■ ■ ■ t^ 1 '™ -2 t." 1 '"" 1 ~ a2n -r ai ™ 

X{f±) — q U[/i)X u J-l,n-2 x l,n-l x ln 



XX 



((21 

21 



An elementary computation shows that cba £ <?Z[g] with the help of 
equation ()2.5j) . 

If 1 < ai jn _i < a 2n , we can rewrite the modified monomial x(A) as 



x{A) = q ai ' n ' l{ - ain+a2 ' n ~ l) D{A)x a l f ■■■x a 1 1 ^ 



Ti—2 ai 



2 ^ln 



XX 



«21 
21 



«2,n.-l 02n 
' X 2,n-1 ^271 



-ttl.n— 1 Jl^^l.n-l i \ V / n\ 

M n-l,n + 2^ C BAX{B). 



B<A 



By using equation (|2.5|) . a simple computation shows that Cba € 

This means that we construct a new basis by replacing the sub-word Xi in _i22n 
by the 2x2 minor M n _ l n . Clearly, the transition matrix between the new 
basis and the PBW basis of modified monomials is of the form 



/ 1 





q 



Z[q]\ 



v° ••• 1 / 

Repeat the above procedure according to the lexicographic order, replacing 
the sub- word xi ) jX2,k by the 2x2 minor Mjk, we get the desired basis. Note 
that in each step the transition between the old basis and the new one is of 
the form 



/ 1 




Z[q]\ 



1 



/ 



the transition matrix between the PBW basis of modified monomials and our 
final basis is composition of the matrices of the above form. This completes 
the proof. □ 
Denote by x(A)i the resulting basis element obtained from x(A). By doing 
the same thing to the zth and (i + l)th rows, we get a basis {x(A)j|y4 £ 
M n (Z + )}. The order of M n (Z + ) gives an order on the basis 

B t := {x(A)i\A £ M n (Z + )}. 

From the transition matrix between Bi and the PBW basis of modified mono- 
mials, we get 

:{A)i + e BA x (B)i 



x(A)i 



x 



B<A 



with cba £ %[q, q l ]- 
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Remark 3.3. Since the transition matrices of all these various bases are all 
of the form 

( 1 ■ • ■ qZ[q]\ 
1 

v° ■•■ 1 J 

we have C* = ©Z[g]x(v4) = @1\q\x(A)i, for all i. The canonical basis B* can 
be constructed starting from any basis {x(A)i\A G M n (Z + )} for any i. More 
explicitly, for any matrix A, the element b(A) can be written as 



b{A) = x(A)i + c B ,A,i x ( B )i 

B<A 

with Cs,A,i £ q^[q]- This again justifies the word canonical. 

Let us consider Kashiwara operators. Note that when examining the actions 
of E\ and F\ on x(A)x, we can ignore the 2x2 minors and those Xij for % > 3 
in x(A)i. Now the Kashiwara operators E\ and F\ for the left action (J3.2j) 
are defined as follows: 



E 1 x 



•• 

a 2 i ■ ■ 



X 



a\ r a\ r +i 

a 2,r-l a 2r 

••• 1 

a 21 ' ' ' 0-2k — 1 



Gin 


a\ r Ctl.r+l 

a 2,r-l a 2r 







where the summation is over all the k such that a 2 k > 1- In particular, if 
G2r > 1, the right hand side of the above equation will contain the term 





021 



Similarly, we also have 



< o •■■ 





v a2i • ■ ■ 


0>2,r-l 




f° 





a ir 

a 2,r-l a 2r 



02r 



1 ai >r+ i 
1 







(3i r Oi r _|_i 
Q2,r-1 0-2r 







aik - 1 
1 



air 




where the summation is over the k such that > 1. 

Proposition 3.4. For an?/ 6(A) G 5* and Kashiwara operators Ei and F^, 
Eiib(A)) = if and only if Ei{x{A)i) = 0, and Fi(b(A)) = if and only if 
Fi{x{A)i) = 0. 

Proof: The element b(A) can be written as 



(3.3) 



b(A) = x{A)i + CB,AM B )i- 



B<A 
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We only prove the statement for Ei, the other cases are pretty much the same. 
The equation E\x(A)\ = implies that x(A)i is of the form: 

■ ■ ■ ai r ■ ■ ■ O-ln 



q s x J X some 2x2 minors x U^^x^ . 

Note that if we set i = 1 in equation (|3.3|) . then each x(B)i on the right 
hand side is associated with a 2 x n matrix with the second row being zero. 
This can be seen by considering x{A)\. Using the commutation relations 
among the Xij we see that x(A)i can be expressed as a combination of such 
x(B)iS. Hence by the construction of the dual canonical basis, all of the 
terms in b(A) are of the form x(B)i associated with a 2 x n matrix with the 
second row being zero. Such terms are all annihilated by E\. 

Conversely, if Eix(A)i ^ 0, then x(A)i is of the form 



••• &lr ' ' ' G>in i 
q x \ n J some 2x2 minors x ih>z,jX i ■ 



a 2 i a 2r ■■■ J > 

with some a 2 j nonzero. Without losing generality, we may assume that 021 7^ 
0. Then the leading term of Eix(A)i is of the form 

a ( 1 ' ' ' Qj 1 r ' ' ' ^1rj\ r\ r\ • tt i 

a x 1 „ „ x some 2x2 minors x iL> 3 . 

H \a 2 i - 1 • ■ ■ a 2r ■ ■ ■ J l - 6 ' 3 v 

In order to obtain a term of this form by applying Ei to some x(B)i, then 
x(B)i must be of the form 



q s x I 1 , 1 ° lr flln I x some 2x2 minors x ilj> 3 ~x^ , 
a 2 i — 1 • • • a 2 fc + 1 I - ' j 



1-3 



where s G Z. As we have already discussed, such terms can never appear in 
b(A). Therefore, the leading term of Eix(A)i can not be cancelled by terms 
coming from Eix(B)i for B < A. Hence Ei(b(A) ^ 0. □ 
The Kashiwara operators are compatible with the action ()3.2j) of Chevalley 
generators on the quantized function algebra in the following sense: 

Lemma 3.5. Let x G C q (SL(n)). Then L e ^ E ^(x) = if and only ifE^x) = 0. 
Similarly, Lg^(x) = if and only if Fj(x) = 0. 

Proof: We shall only prove the case when % — j — 1. The other cases are 
exactly the same. For convenience we simply write Lg( u )(x) as u(x). For a 
basis element 

x(A)i = 

/ " " " a^ ' ' ' *^ln \ r> r> tt a ii 

q x n x some 2x2 minors x Hj> 3 

^021 • • • a 2) r-i a 2r ■ ■ ■ U J - ' J 

both Ei(x(A)i) = and Ei(x(A)i) = equivalent to a 2i = for all i. 

Write x = ^^1(^)1. Suppose Ei(x) = 0. Choose a term x(A)i 
with nonzero coefficient ca and is maximal with respect to this property. 
If Ei(x(A)i) 7^ 0, the same argument as in the above Proposition shows that 
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the leading term in Ei(x(A)i) can not be cancelled by the rest of the terms 
in the expression of E\(%) which is a contradiction! Hence, all terms in the 
expression of x are killed by E\ which is equivalent to say that all terms are 
killed by E 1 . 

The statement for Fi and Fi can be proved similarly. □ 
From the definition of the Kashiwara operators, we can easily deduce that 

Proposition 3.6. For any b* G B* , if Ei{b*) 7^ 0, then there exists an element 
b\ G B* such that Ei(b*) = b\ modqC* . If Fi(b*) 7^ 0, then there exists an 
element b* 2 G B* such that Ei(b*) = b\ modqC* . 

Proof: If Ei(b*) 7^ 0, then the coefficient of the leading term in Ei(b*) 7^ is 
1, which means there exist a x(B)\ such that 

Ei(b*) = x(B) 1 modqC*. 

Hence, E t {b*) = b(B) modqC* . 

Similarly, we can prove the statement for F\. □ 

Remark 3.7. Applying the automorphism a, we can define the Kashiwara 
operators for the right action and the same statements for the left action hold 
for the right action. 

4. Invariant subalgebras and string bases 

To simplify notations, we set G = SL(n) and g = sl n in this section. Any 
subset S of the generators {Ei, Fi, Kf l \ i = 1,2, ...,n — 1} generate a 
subalgebra Us of U q (g). Note that 9(S) also generates a subalgebra Uq{s) — 

o(u s ) oiu q ( a ). 

Definition 4.1. O q (G) s := {/ G O q (SL(n)) \ L x (f) = e(x)f,Vx G U s }. 

This is the subalgebra of O q (G) consisting of the elements which are in- 
variant under the left action L of Us- As the left translation L and right 
translation R commute, O q (G) s forms a left U q (A n _ 1 )-modu\e under R. The 
following lemma easily follows from the definition of O q (G) s and Lemma \3. 51 

Lemma 4.2. IfE u Fj G 6(S), then 

Ei(f)=0, #,•(/) = 0, WfeO q (G) s , 

where Ei and Fj are the Kashiwara operators associated with Ei and Fj . 

In an analogous way, we shall also define the subset of dual canonical basis 
elements which are invariant with respect to Ug: 

Definition 4.3. (B*) s := {b G B* \ L x (b) = e(x)b,\/x G U s }. 

The following theorem is the main result of this paper. 

Theorem 4.4. The subset (B*) s of B* forms a basis of the subalgebra of 
invariants O q (G) s . 
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Proof: Let us express an element / in the subalgebra of invariants as 

/ = E Cbb - 

beB* 

We claim that b £ (B*) s if the coefficient q, ^ 0. 

Let e be an ^ or belonging to 9(S). Consider a term c&& in / with 
nonzero coefficient q,, and with b being maximal with respect to the partial 
order used for defining the dual canonical basis. Then Lg^(b) must be zero. 
Otherwise, the corresponding Kashiwara operator e acts to produce e(b) = 
b' modqC*. It follows from a similar argument as that in Proposition 13.41 that 
b' will not be cancelled by other terms in e(f). □ 

Let (( J B*) 5 )+_:= Z+[q, q" 1 }^*) 3 denote the Z+[q, q~ 1 } span of (B*) s . Then 
for all f,ge((B*) s ) + , 

(4.1) fge((B*) s } + 1 and R Ei (f) £ ((B*) s ) + 1 \/z. 

The first property follows from Theorem 12 .61 The second property can be seen 
by embedding B* into a dual canonical basis of the strictly lower triangular 
subalgebra U q (A^ n _ 1 ) (i.e., the subalgebra generated by the Chevalley gener- 
ators Fj's) of U q (A2n-i)- The embedding was established in jjj. It is known 
[T3] that the dual canonical basis of ^(^n-i) satisfies the second relation of 

m- 

Recall that in Berenstein and Zelevinsky introduced the notion of a 
string basis, which is a canonical basis with the Z+[q, q" 1 } span satisfying 
properties analogous to (|4.1|) . 

Lemma 4.5. (B*) s forms a string basis for O q (G) . 

Let us now consider in some detail examples of the subset S and the asso- 
ciated invariant subalgebra O q (G) s . 

4.1. Example: S = {Fi | i = 1,2, ... ,n — 1}. In this case we denote the 
subalgebra U s by U q (n.), and O q (G) s by O q {G) u ^ n -\ Denote by O q (G) U x q(n - ] 
the subspace consisting of elements with La „( J 4 n _ 1 )-weight —A (the negative of 
A). The result below easily follows from the quantum Peter- Weyl theorem. 

Theorem 4.6. The subspace O q {G)^ q< " n ~\ A £ P + , forms an irreducible left 
U q (A n _i) -submodule with highest weight A under the action R. Furthermore, 
we have the U q (A n _i) -module isomorphism 

O q {G) u ^ = ® xeP+ O q (Gf x « {n -\ 

The first statement of the theorem is a variation of the quantum analogue 
|2*m |H] of the celebrated Borel-Weil theorem. 

Let ^B*)^ An ~^ denote the subset of [B*) Uq( - An -^ consisting of elements 
which have weight —A under the L-action of U q (A n _i). Set 

{{B *)U q (n-) )+ = Z + [q,q^}(B*) U u q{n -\ v £ P+. 

Since every element of B* has a definite weight, we have the following result. 
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Theorem 4.7. For every X G P+, (B*) x ' forms a basis of O q {G) x q . 
Furthermore, for all f G ((B*)^ n ^} + and g G ((B*)^ n ~^) + , we have fg 
belongs to ((B*) U X ^) + . 



By Theorem I4.fi[ every finite dimensional irreducible U q (A n -i) -module can 

be realized in terms of O q {G) x Iq ^" > with the appropriate highest weight A G 
P + . Thus Theorem 14.71 gives rise to a basis for each finite dimensional irre- 
ducible {7 9 (A n _i)-module. 

Let Ai, • • • , A n _i be the fundamental dominant weights. The natural rep- 
resentation is the simple modules L(Ai) which is dual to L(A n _i) and both 
are of dimension n. 

The quantum minor 



is of weight A* (the highest weight of the dual module of L(A S )) with respect 
to the L-action of U q (A n -i), and weight A s under the i?-action of U q (A n -i). It 
is easy to see that A s is annihilated by all Le { and i?^ for i = 1, 2, • • • , n — 1, 
thus is the highest weight vector of the submodule L(A S )* ®L(A S ) in O q (SL n ). 
Moreover, for arbitrary dominant weight 



the submodule L(X)* <g> L(X) in O q (SL n ) is generated by a monomial 



which is again a highest weight vector. All such monomials are dual canonical 
basis elements by [22] Theorem 5.2. 

Remark 4.8. The basis ((B*) x q + { "- ) } + seems to deserve the name of canon- 
ical basis as its elements are bar-invariant Z*[q] combinations of PBW basis 
elements. 

4.2. Example: S = {E u F { | i G 9} U {Kf l \ j = 1, 2, . . . , n - 1}. Here 6 is 
any set of {1, 2, . . . , n — 1}. In this case, we shall denote Us by U q (t), which is 
isomorphic to U q (gl kl ) ® U q (gl k2 ) ® • • • <g) U q (gl kt ) for some t < n, where fcj > 1 

and Ylt=i k-i = n — 1- To be more specific, let N s = Y^r=i kri then we may 
assume that that E^, F^ for N s _i <i<N s belong to the U q (gl k ) subalgebra of 
U q (t). We shall denote O q (G) s by O q (K\G), which is the algebra of functions 
on some quantum homogeneous space [H] determined by U g (t). 

To describe O q (K\G), we first consider the pre- image of (5*)^™-!) un( ier 
the map T (defined by (J23D). Needless to say, T~ l ((B*) u « (A ^) is a subset 
of B*. Each element of it spans a 1-dimensional U q (t)-modvle with respect 
to the restriction of the left action L. 



A s := det q ({n - s + 1, • • • , n}, {1, 2, • • • , s}) 



X = 4Ai + £ 2 A + ■ ■ ■ + L-iA, 



■n— 1 ? 



A^Af •••A: 
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Under Ljjm, the Q(q) span of x^, i,i = 1,2, ...,n, decomposes into a 
direct sum of submodules 



n t N s n 

Eq(^ = 0c v:= E E 

ij=l s=l i=JV«_i+l j=l 



Each Vy 1 is n copies of the natural module over the U q (Ql k J subalgebra in 
U q (t), and with all the other U q (gl k .) acting trivially. As a U q ($l ks ) -module, 
the subalgebra of O q (M(n)) generated by Vf 1 is isomorphic to the direct sum of 
the g-symmetrized tensor powers of n copies of the natural module. The only 
possible 1-dimensional f/ g (0[ fcs )-submodules must come from the determinant 
module of U q (gl k J. Therefore, inside the subalgebra of O q (M(n)) generated 
by V™, every 1-dimensional [7 g (g[ fe J-submodule is a Q(g)-linear combination 
of products of quantum determinants of k s x k s sub-matrices of 



(4.2) 



3^-1+1, 1 ^JV s _i+l,2 • • • ^JV s _i+l,n 
XN a -!+2,l ^AT s _i+2,2 • • • ^7v s _i+2,n 

X N S ,1 X N S ,2 ■ ■ ■ x N s +l,n 



Such quantum determinants are quantum minors of the form det,j(/ s , J(s)), 
where I s = {A^_i + 1, N s ^i + 2, . . . , N s }, and J(s) is any subset of {1, 2, . . . , n} 
of cardinality k s . 

It therefore follows that every element of T~ 1 ((B*) Uq ^ An - 1 ">) is a Q[q, q~ 1 } 
combination of products of quantum minors det q (I s , J(s)), s = 1,2, ...,t, 
and the quantum determinant det g . Thus all elements of (B*) Uq ( An - 1 * > can be 
expressed in terms of the images of the quantum minors under T. 

The above discussions have established the following result. 

Lemma 4.9. The subalgebra O q (K\G) of invariants is generated by quantum 
minors of the form T(det q (I s , J(s))), s = 1,2, ...,t, where I s = {N s -i + 
1, N s _i + 2, . . . , N s }, and J(s) is any subset of {1,2,..., n} of cardinality k s . 

Acknowledgement 

The first author would like to thank Dr. Zhang Guanglian for helpful 
discussions. 



References 

1. Berenstein, Arkady; Zelevinsky, Andrei, String bases for quantum groups of type A r . 

I. M. Gelfand Seminar, 51-89, Adv. Soviet Math., 16, Part 1, Amer. Math. Soc., 
Providence, RI, 1993. 

2. Berenstein, Arkady; Zelevinsky, Andrei, Canonical bases for the quantum group of 
type A r and piecewise-linear combinatorics. Duke Math. J. 82 (1996), no. 3, 473-502. 

3. Caldero, Philippe; Marsh, Robert A multiplicative property of quantum flag minors. 

II. J. London Math. Soc. (2) 69 (2004), no. 3, 608-622. 

4. Du, Jie, Global IC bases for quantum linear groups. J. Pure Appl. Algebra 114 (1996), 
no. 1, 25-37. 



QUANTUM SPECIAL LINEAR GROUP 



15 



5. Goodearl, K.R. and R.B. Warficld, Jr., An Introduction to Noncommutative Noether- 
ian Rings, Second Edition. London Math. Soc. Student Text Series, No. 61. Cambridge 
University Press, 2004. 

6. A.R. Cover and R.B. Zhang, Geometry of Quantum Homogeneous Vector Bundles 
and Representation Theory of Quantum Groups. I. Rev. Math. Physics, 11 (1999), 
533-552. 

7. Jakobsen, H. Zhang, H., The exponential nature and positivity. preprint, 2005 

8. Jantzcn, J. C. Lectures on quantum groups. Graduate Studies in Mathematics, 6. 
American Mathematical Society, Providence, RI, 1996. 

9. Kashiwara, M. On crystal bases of the Q-analogue of universal enveloping algebras. 
Duke Math. J. 63 (1991), no. 2, 465-516. 

10. Kashiwara, M., Global crystal bases of quantum groups. Duke Math. J. 69 (1993), no. 
2, 455-485. 

11. Leclerc, B., Imaginary vectors in the dual canonical basis ofU q (n). Transform. Groups 
8 (2003), 95-104; |arXiv:math.QA/0202148| 

12. Leclerc, Bernard, Dual canonical bases, quantum shuffles and q-characters. Math. Z. 
246 (2004), no. 4, 691-732. 

13. Leclerc, B., Nazarov, M. and Thibon, J., Induced representations of afflne Hecke alge- 
bras and canonical bases of quantum groups. In Studies in memory of Issai Schur 
(Chevaleret/Rehovot, 200 0), pp. 115-153, P rogr. Math., 210, Birkhauser Boston, 
Boston, MA, 2003; |arXiv:math.QA/0011074| 

14. Lusztig, G. Canonical bases arising from quantized enveloping algebras. J. Amer. 
Math. Soc. 3 (1990), no. 2, 447-498. 

15. Lusztig, G. Canonical bases arising from quantized enveloping algebras. II. Common 
trends in mathematics and quantum field theories (Kyoto, 1990). Progr. Theoret. 
Phys. Suppl. No. 102 (1990), 175-201 (1991) 

16. Lusztig, G., Canonical bases in tensor products. Proc. Nat. Acad. Sci. U.S.A. 89, no. 
pp.8177-8179, 1992 

17. Lusztig, G., Introduction to quantum groups. Progress in Mathematics, 110. Birkhuscr 
Boston, Inc., Boston, MA, 1993. 

18. Mathieu, O., Good bases for G-modules. Geom. Dedicata 36 (1990), no. 1, 51-66. 

19. Molcv, A. I.; Tolstoy, V. N.; Zhang, R. B. On irreducibility of tensor products of 
evaluation modules for the quantum affine algebra. J. Phys. A 37 (2004), no. 6, 2385- 
2399. 

20. Noumi, M., Yamada, H., Mimachi, K., Finite- dimensional representations of the quan- 
tum group GL g (n;C) and the zonal spherical functions on \J q (n — l)\U 9 (n). Japan. 
J. Math. (N.S.) 19 (1993), no. 1, 31-80. 

21. Reineke, M., Multiplicative properties of dual canonical bases of quantum groups. J. 
Algebra 211 (1999), no. 1, 134-149. 

22. Zhang, Hechun, On dual canonical bases. J. Phys. A 37 (2004), no. 32, 7879-7893. 

Department of Mathematical Sciences, Tsinghua University, Beijing, 100084, 
P. R. China 

E-mail address: hzhang@math.tsingliua.edu.cn 



School of Mathematics and Statistics, University of Sydney, Australia 
E-mail address: rzhang@maths.usyd.edu.au 



